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§1 Introduction

I. McIntosh [Mcl] gave a 1-1 correspondence between the spectral data {7 : X —
P! £} which satisfies the certain conditions and the linearly full non-isotropic harmonic
maps of finite type R? — CP™. If ¢ : R?> — CP" is a harmonic map of isotropy order r
(1 0 r < o) then there is a certain harmonic map 1 : R* — F"(CP™) into a flag manifold
such that ¢ = p o, where p: F"(CP™) — CP™ is the homogeneous projection.
Fact (1) r = 1 if and only if ¢ is non-conformal. In this case, we have F1(CP") = CP™.

(2) r = oo if and only if ¢ is isotropic.

Now, we represent F"(CP") = G/K as a homogeneous space and denote by G and
IC the Lie algebras of G and K, respectively. Then we have the canonical decomposition
G = K+ M. It is known that F"(CP™) have the structure of (r 4+ 1)-symmetric space in
the sense of O. Kowalski[K]. Let 7 be the automorphism of order (r + 1) with fixed set
K on G/K which gives the (r + 1)-symmetric space structure on G/K. Let G; be the w'-
eigenspace of 7, where w = exp(2my/—1/(r + 1)). Then we have

G°=> G, k°=G, M°=)g,
i=0 i=1
G i=Gi, [Gi,Gj] CGiij, (index is regarded as mod k)

The map G — T,(G/K) given by & — 4 |,_y expt¢ - x restricts to an isomorphism
Adg- M — T,(G/K). We denote the inverse map by 5 : T,(G/K) — Adg- M C G and
we may regard § as a G-valued 1-form on G/K, which is called Maurer-Cartan form for
G/K. Denote by [G;] the vector bundle over G/K of which the fibre at x = g-0 € G/K
is given by Adg - G;.

Definition. 1 is said to be primitive if (w*ﬂ)(%) is [G1]- valued, where 3 is the
Maurer-Cartan form for G/K.

Take a lift F : R? — G of ¢ with ¢y = 7o F, where ¥ : G — G/K the natural
projection. Then we see that ¢*3 = AdF - apq, where o = F~'dF and o = ax + apq is a
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decomposition of a with respect to the canonical decomposition G = K + M. Therefore,
we see that 1) is primitive if and only if « M(%) is Gy-valued.

Remark. Black[B] proved that if » > 2 then a primitive map v is a harmonic map with
respect to any invariant metric on G/K. In case of r = 1, the condition of the primitivity is
always satisfied and meaningless. Hence, we suppose that 1) = ¢ is a harmonic map when
r = 1. When we treat both cases in a unified way, we call such ¢ a primitive harmonic
map. We denote by ar = o'y, + o/}, the type decomposition of a ¢ according to the
decomposition of the complexified cotangent bundle of the domain manifold. Note that
a/t4(8/07) = —(a/\,(8/02))".

Example 1.1. Define oy ,(0/0z) and a)-(0/0z) with K = U(1) x U(1) x U(1) by

0 0 1
a(0/0z)=11 0 0], ax(d/0z)=0.
01 0

Set F = exp(za/y,(8/8z)) - exp(za/y,(0/0%)). Then ¢p = 7o F : R* — F?(CP?) =
SU(3)/T? is a primitive harmonic map into a full flag manifold and ¢ = pot) : R? — CP?
is a harmonic map of isotropy order 2. The % is a primitive map corresponding to the
vacuum solution(cf. [BP]). Note that ¢ is indeed doubly-periodic.

§2 Spectral curves

Let X and Y be compact Riemann surfaces of genus g and genus ¢’, respectively. Let
m: X — Y be a holomorphic covering map. Denote by R the ramification divisor of 7.
Then we have a Riemann-Hurwitz formula :

29 — 2 = deg(m) - (29’ — 2) + deg(R).

Now, take Y = CP!, hence ¢’ = 0. Consider 7 : X — CP! defined by ¢ — 7({) =
¢"*t! = X. Then the degree of 7 is (n+ 1) and the branch points of 7 are { = 0 and { = oo
with ramification indices n 4 1. In this case, the ramification divisor R is

R =n(0) + n(o0),

hence deg(R) = 2n. Therefore, the Riemann-Hurwitz formula tells us that the genus of X
is zero, i.e., a Riemann sphere CP!.

The interpretation of the primitive harmonic map equation for ¢ : M — G/K by
the pullback of the Maurer-Cartan form is as follows :

do/yg + [ad Ay ] =0, aly is G1 — valued,
(2.1)

doje + [age N agg] + [oy A i) = 0.

-2
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In the following examples, we will show how one obtains a spectral curve X from a primitive
harmonic map of finite type.
Example 2.1. Define oy ,(0/0z) and a)-(0/0z) with K =U(1) x U(1) x U(1) by

0 0 1
a(0/0z)=11 0 0], ak(d/0z)=0.
0 1 0

Then, as in Example 1.1, we have a harmonic map ¢ : R? — CP? with framing F =
exp(zaly((0/02)) - exp(zaly,(0/07Z)). Set a; = naly + ax = naly and define a; by

an = a, — (ay)*. Moreover, define F;, and & by

F, = exp(za,(0/0z) — Z(a} (0/02))"), &=AdF, "oy,
Then we see that the following equation holds :
dé = [¢, F, 1 dF).

In this situation, ¢ is called a polynomial Killing field and hence 1 : R? — F?(CP?) is
a primitive harmonic map of finite type. Note that any harmonic map ¢ with isotropy
order 7 of 2-torus into CP" is obtained as ¢ = p o % for some primitive harmonic map
¥ of finite type into F"(CP™). Now, the spectral curve X is defined by the equation
det(a;, — ¢I) = 0. Setting A = n3, a simple calculation shows that A = ¢3. Then, the
Riemann-Hurwitz formula yields that X = CP! a rational curve.

Example 2.2. Define oy ,(0/0z) and a)-(0/0z) with K = U(1) x U(1) x U(2) by
0 0 b —a 0 0 0 O
1 0 0 O 0 0 0 O
l _ / —
ICT S I FEACT ST I B
0 00 O 0 0 a b

where |a 2 + | b [*>=1and 0 <| b |< 1. Set o/ = o/y + &) and F = exp(za/(9/0z) -
exp(—%(a/(0/02))"). Then ¢y = 7o F : R? — F?(CP?) = U(4)/U(1) x U(1) x U(2) is
a primitive harmonic map and ¢ = po : R? — CP? is a weakly conformal harmonic
map of isotropy order 2. Set a; = aj. +na’y, and o, = a; — (0417)*. As in Example 2.1,
we see that 1 is of finite type. The equation det(a; (8/9z) — (1) = 0 with XA = 7* yields

_1E3E-D)
T

The branch points are { = 0, = oo with ramification index 3 and the others are { = a,

where

b2 42+ /] b]*—5[b]? +4
= 3b '

—3—
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Therefore, the ramification divisor R is given by
R =2(0) + (ay) + (a-) +2(c0).

Hence, deg(R) = 6 and the Riemann-Hurwitz formula yields that the genus of the spectral
curve X is zero because the degree of 7 is four. Moreover, the real structure px of X is
defined by px({,\) = (Z‘l,X_l), which induces a real structure p : A — 3 !on CPL.
Notice that the preimage of the equator S' of CP! is px-fixed and there is no branch
points on the preimage of the equator.

Remark. T.Taniguchi[T1] determined all the smooth spectral curves of genus zero.

Ezample 2.3. Define a; by

= 5 _{)__1)“72( o ) (e ?)

where K = U(1) x U(1). Set a;, = a, — (a,’,])*. Then, we have a decomposition
exp(zn—%ay) = F, - Gy, where F,, : R? — AG,, G, : R? — AGE( see [BP]). If we
set £ = AdF, 1. a, then we have d¢ = [¢ Ey YdF,], hence € is a polynomial Killing field
and ¢ =9 = 7o F, |,=1: R — CP! is a harmonic map of finite type. Now, let me cal-
culate the spectral curve. The equation det(a), —(I) = 0 yields that (* = A(A—2)(A—1/2)
with A = n2. Thus, the spectral curve X is an elliptic curve, i.e., of genus one. In fact, the

ramification divisor R of 7 is given by

R=(=0)+ (=2 +(\=5)+ (A =00)

hence deg(R) = 4 and the Riemann-Hurwitz formula yields that the genus of X is one be-
cause the degree of 7 is two. The real structure px of X is given by px (¢, A) = (5_2, X_l).
Notice that the preimage of the equator of CP! is px-fixed and there is no branch points
on the preimage of the equator.

In general, if one finds a polynomial Killing field for the primitive harmonic map of
finite type then one can define the spectral curve from the characteristic polynomial of it(see
[H]). However, it is not so easy to deduce a spectral data from given primitive harmonic map

of finite type. This is the reason why the section 7 of McIntosh’s paper[Mcl] is lengthy.

83 Spectral data

First of all, we give a definition of the spectral data :

Definition A triple (X, 7, L) is said to be a spectral data if they satisfy the following
conditions :

(1) X is a complete connected algebraic curve of arithmetic genus p with real structure
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px, i.e., anti-holomorphic involution,
(2) there is a holomorphic covering map 7 : X — CP! with deg(n) = n + 1 such that
7o px =7 1(=a real structure of CP!) and the divisor of 7 is given by

(M)=m+DP+P+-+Popm—(m+1)Qo—Q1— " — Qum,

where Q; = px(P;) for j =0,1,---,n —m,
(3) L is a (complex) line bundle over X of degree (n + p) such that

[ L®px L — Ox(R)

is a px-equivariant(px.f = f) isomorphism, where R is the ramification divisor of 7 and
Ox(R) is the line bundle corresponding to R,

(4) px fixes each point of the preimage Xgr of the equator S} of CPy, 7 has no branch
points on Xgr and f is non-negative on XgR.

Given a spectral data (X,m,L), we see from the Riemann-Hurwitz formula that
deg(R) = 2n + 2p. Then, the condition (4) above guarantees that there is some positive
divisor D on X with deg(D) = n-+p such that R = D+ px.(D). If we identify £ with a di-
visor line bundle Ox (Dy) for some divisor Dy on X, the condition (3) above implies that f
is a rational function on X with a divisor (f) given by (f) = (Do+px«(Do)—D —px«(D)).

Now, let me introduce a Hermitian inner product on H®(X, L), which is the vector
space of all global holomorphic sections of £. Denote by 7L the direct image sheaf of
L by m, ie., D(U,mL) = D(x~1(U), L) for any open subset U of CP}. Then it follows
from Grothendieck’s Riemann-Roch theorem that H°(X, L) = H°(CP},m.L). Set A =
CP} \ {0,00} and I = Iy U I, where I (resp. I,) is an open neighborhood around 0
(resp. around oo) which contains no branch points except 0 (resp. except co). Hence,
CPl = AUI. Next, set X4 =7 *(A4) and X; = 7 !(I) so that X = X4 U X].

Definition. Define a bilinear form h on I'(X 4, £) x I'(X 4, £) by

h:T(Xa, L) xT(X4,L) 2 (v,w) = Tr(f - v®@px-w) € CIAH N,

where C[A\71, )] is the ring generated by A\, \™! over the field C. Notice that f-v ® px,w
is a holomorphic section of Ox (R) over X 4, whence its trace is a holomorphic function on
A. Take a point P of CP{. Then, we have

h(o,w)(P) = Y f(z)-v(@)w(px(@)).

zeT—1(P)

The summation is taken over all points {zg,---,2,} = 7 1(P) and it is counted with
multiplicities if P is a (or an image of) branch point. The obvious properties of h is as
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follows : For any holomorphic function b on A we have
(1) h(bv,w) = bh(v,w), (2) h(v,bw) = Wh(v,w), (3) h(w,v) = W.
Now, we may regard H°(X, L) as a subset of I'(X 4, £). Since a global holomorphic function
on CPj is a constant and f is px- equivariant, i.e., px«f = f, we have W = b and
pcpi*h(v, w) = h(v,w), hence we see that h |goy o defines a Hermitian symmetric form.
The positive definiteness of h |goygo depends on the choice of f. Since h |goypgo is a
constant, it is enough to evaluate it at some point of CP!. In particular, evaluating it at
the equator S5 we see from the non-negativity of f on Xg(condition (4) of the spectral
data) that h |goy o is positive definite, hence it defines a Hermitian inner product.

Now, let {no,---,n,} be the inverse image of 1 € S}. They are (n + 1)-distinct px-
fixed points due to the condition (4) of the spectral data. Take a local frame Sy,---,S,
such that S;(n;) = 0 for i # j and f(n:) - Si(m:) @ px«(Si(m;)) = 1 for i = 0,---,n. If we

represent v, w around 7~ 1(1) as

n
v = E v'S;, w= g w'S;,
' i=0

then we have

hv,w)= Y flz) v(2) ® wpx (@)

zer—1(1)

= > Fm) - (D0 Si(ny) D wkSk(ox (n)))
=0 i=0 k=0

— Zvjﬁ.

<
|
o

We state a lemma on the triviality of 7, L, of which the proof we omit since it takes

us to a rather lengthy trip :
Lemma 3.1. 7. L is a rank (n + 1) trivial bundle over CP;.

Since h°(X, L) = dimH*(X, L) = dimH°(CP},m.L) = n + 1, it follows from the
Riemann-Roch formula

RO(X,L) —h'(X,L)=1—p-+deg(L)=n+1

that h'(X, L) = 0, in which case L is called non-special.

We give some examples of the spectral data.

Ezample 3.1. Consider 7(¢) = ¢* = X\. Then, X = CPC1 and 7 : CPC1 — CP}l isa
degree 4 holomorphic covering map. The divisor of 7 is
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The ramification divisor R of 7 is given by

R =3(0) + 3(c0).

The real structure px is given by px((,A) = (Z_I,X_l), which induces a real structure

pcpr on CP}. Now, take a line bundle £ as £ = Ox(3(0)). Then, we have deg(£) = 3
and obviously £ ® px.L = Ox(R), whence we take f = 1. Then, the conditons (3)
and (4) of the spectral data are satisfied. The vector space H°(X, L) is generated by
{1,¢71,¢72,¢73} over X4 and hP(X,L) = 4. Of course, if we denote by {zg,z:} the
homogeneous coordinate for C? then

HY(X, L) = Span{x}, x2x1, xox?, 25 }.

If 2y # 0 then, setting ( = xo/xz1, we have the generating basis above. If we retake f = 1/4
then the generating basis above are orthonormal basis with respect to h |goyx go.

Ezample 3.2. Consider 7(¢) = éC?’ (C(E:ﬁ)l) = A, where 0 < a < 1(cf. Example
2.2). Then, as in Example 2.2, we see that X = CPC:.L and 7 : X — CP} is a degree 4

holomorphic covering map. The real structure px is given by px (¢, A) = (Zil,xfl). The

divisor of 7 is
() = 3(0) + (a) — (@™") — 3(00).
The ramification divisor R of 7 is given by
R=2(0)+ (p) + (p™") + 2(c0),
where
a?+2—+at—5a2+4
3o '

Therefore, there is no branch points on Xg. Now, take a line bundle £ as £ = Ox (3(0))
and take f as

—¢
C—p)(C—p1)
Then f : L ® px.L — Ox(R) is a px-equivariant isomorphism. We see that (f) =
(0) + (00) — (p) — (p~!) and f is non-negative on Xg. Let {(1,(2,(3,C4} be the elements
of 771(1). Then, we easily see that (; = 571 for : = 1,---,4. More generally, each point
of Xgr is px-fixed. In fact, solve the equation (* — a3 — ae\/jGC + eV~ = 0. Notice
that this equation is invariant under the tansformation ¢ +— Z_l. We define a local frame

f(¢) =

S1,52, 853,54 over X 4 as follows :

(€ — )¢ —3)(C—Ca)
(C1—G)(C —¢3) (¢ —Ca)’
(€= )¢ — )¢ —Ca)
(G — )¢ —C2) (G —Ca)’

—7—

(€= C)(C—E3)(C—Ca)
(G2 —C1)(C2 — G3)(C2 — ¢Ca)’
(€= C)(C— )¢ —(3)
(Ca—C1)(Ca— ) (G —G3)

S1 =+ f(C1) So =/ f((2)

Sz =/ f(() Sy =/ f(Ca)
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These satisfy S;(¢;) = 0 for ¢ # j and f((;)S:(Ci)px«Si(¢i) =1fori=1,---,4.

84 A parallel transport

To construct a map from R? and to define a conncetion for a line bundle over R?, we
need to define a parallel transport of a section of £ to a section of a line bundle over R2. Let
J(X) be the Jacobian variety of the spectral curve X, i.e., J(X) = HY(X,0)/H' (X, Z),
which is a p-dimensional complex torus, where p is the genus of X, and defined by the long
exact sequence coming from the short exact sequence

exp

0—Z7Z—0=0"—0.

The set of all line bundles L € J(X) which satisfy px.L = L~ forms a subgroup of J(X)
by a tensor product. We denote by Jgr(X) the connected component of the identity of this
subgroup(the identity is trivial line bundle). Then, Jg(X) is a p-dimensional real torus.
For any L € Jr(X), we see that a line bundle L& L satisfies (LOL)@px+(L @ L) = Ox(R).
In this case, we say that L& L is real. Note that when we replace £ by L& L for L € Jr(X)
we see that f is still non-negative on the preimage Xgr of the equator S}. In fact, f is
independent of L. Since deg(L£ ® L) = deg(L) = n + p, it follows from Lemma 3.1 that
7.(L ® L) is a rank (n + 1) trivial bundle and h°(X,£L ® L) = n + 1. Now, consider a
complex vector bundle H°(X) + Jr(X) of which the fibre at L € Jr(X) is given by a
(n + 1)-dimensional complex vector space H(X,L ® L). Recall that X = X4 U X;. A
line bundle L € J(X) is trivialized over X4 or X;. We denote by 64 and 6; trivializing
sections over X4 and Xy, respectively, i.e.,

9A 91
L‘XAgXAXC, L’XIgX[XC.

Over X 4 N X7, we have a transition relation ; = e®8 4. Thus, for L € Jg(X), we have a
1-cocycle (e*, X4, X). Conversely, a 1-cocycle (e, X4, X7) defines a line bundle L with
e as a transition function. Then, consider a map L : G = I'(X4 N X;,0x) — J(X)
defined by a — L(a), where L(a) is a line bundle with a transition function e®. Set

Or ={a € G |px-a=—a}.

Then, we see that Im(L |gg ) = Jr(X). Now, fix a trivializing section 6 for £ over X such

that Tr(f - 0 ® px«0) = 1. For a € Gr, set 0, = 0 ® 0, which is a trivializing section for
L ® L(a) over X;. We want to define a map

ta : T(Xa, £ ® L(a)) — T(Xa, £).

—8—
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Lemma 4.1. For o, € I'(X4,L ® L(a)), define t,(0,) by
La(og) = e*(0,0;1)0.

Then, we have v,(0,) € I'(X 4, L).

Proof. Let T be a trivializing section of £ over X 4. We may write = e“r. Therefore,
we have 0, = e 7 ® 04. Now, we calculate

(4.1) La(0s) = e(04,0,1)0
= e %0,(T®04)7'0=04(T®604) ',

where o, (7 ® 6,)"! is a holomorphic function over X4 and 7 is a trivializing section of £
over X 4, thus we have ¢,(0,) € I'(X 4, £). q.e.d.

Indeed, ¢, : I'(X4, L ® L(a)) — T'(X4, L) is an isomorphism. The injectivity of ¢,
is obvious. To show the surjectivity of ¢y, take an arbitrary o € I'(X 4, L£). Then, we
may write o = br for some b € I'(X4,0). We choose 0, = b(T ® 64). Then we have
ta(0a) = br = o by (4.1), proving the surjectivity of ¢,. Let L*H°(X) +— Gr be the
pullback bundle of the bundle H%(X) + Jr(X) by L : Gr — Jr(X). Let {r9,---, 7.} be
an orthonormal frame of global sections of £. We have I'(X 4, £) = Span{7o, -+, Tn} | x4,
because I'(X 4, £) is a free O-module of rank (n+1) by the facts that I'(X 4, £) = I'(A, 7. L)
and 7, L is a trivial bundle of rank (n + 1). Any element of I'(X 4, L) is expressed as
> 0;(A)7;. Define an evaluation map evy : I'(Xa,L) — H(X,L) by Y o;(MN)7;
> 0(1)7j, where 0;(1) is the value of 0;(A) at A = 1 and a constant. Now, the composition
ev1 0 Lo |mo(x,coL(): HY(X,L ® L(a)) — H°(X, L) is an isomorphism. Indeed, it is
clearly surjective by the way of construction of the map and it is injective by the fact that
(X, L ® L(a)) = h°(X,L) =n+ 1.

Lemma 4.2. Let 01,02 € H(X, L& L(a)) and set s; = 1,(0;) for j = 1,2. Then h(s1, s2)
is a constant.

Proof. For simplicity, set £(a) = £ ® L(a). The map ¢, : I'(X 4, L(a)) — T'(X4, L)
induces an isomorphism [, : I'(Xa,L(a) ® px«L(a)) — T(Xa,L ® px.L). In fact,
(o) = 0(0a ® px«0a) 10 @ px0 because the transition function e for L(a) and the
transition function e~ ¢ for pX*—L(a) cancel out each other. Set s12 = [,(01 ® Px%02),
which is a section of I'(X 4, L& px«L). We claim that si5 is a globally defined holomorphic
section of £ ® pxL. First of all, s15 is holomorphic over X 4. Next, to show that it is also
holomorphic over Xy, set f; = 0;6, ! for j = 1,2, which is a holomorphic function on X;.
Now, we have

s12 = 01 @ px202(00 ® px+0a) 10 @ px.0

= 10 ® px«(f20).

—-9—
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Therefore, we see that si5 is also holomorphic over X; since 6 is a holomorphic frame field
over X;. Thus, s15 is a globally holomorphic section, proving the claim. Then we have

h(s1,s2) = h(ta(01),tal(02))
=Tr(f - ta(01) ® pxsta(o2))
=Tr(f - Th(o1 ® pxx02)) = Tr(f - s12).

Since Tr(f - s12) € H°(CP}, O) (notice that f-s12 € H*(X,Ox(R))), we see that h(s1, s2)
is a constant. q.e.d.

§5 The construction of harmonic maps into CP"

Consider a map a : R?> — Ggr defined by z — a(z,z) = 2("! — 2(, where ( is
considered only on X 4 N (UpU Uy ), where Uy (resp. Us) is a connected component of Xy
(resp. Xoo) which contains Py (resp. Qg). Then L(a) = L(2(~! —z() is a 2-parameter
subgroup of Jr(X). We have a diagram

L(a)*H*(X) — L*H°(X) — H°(X) D H'(X,L® L)

! ! l

R2 % G6r 5 Jr(X)>L

We also rewrite L(a)*H®(X) as H°(X) if there is no confusion. Fix h-orthonormal basis
{r;} for H°(X, L) such that (H°(X,L),h) — (C"*! <, >) is isometric. We want to
decompose the vector bundle H°(X) + R? into line subbundles which are orthogonal to
each other. For the purpose, first define the following line bundles for which the sheaves of

germs of holomorphic sections are subsheaves of the sheaf of germs of holomorphic sections
for L :

Li=L®Ox(—(m—j)P—jQo— Y P) for j=0,1,---,m—1,
(5.1) i=1

Ly =L®O0x(—mQo).
Lemma 5.1. For j =0,1,---,m, each L; is non-special, i.e., h*(X,L;) = 0.

Proof. Set Z; = L @ Ox(jPy — jQo) for j = 0,1,---,m. Then, this is a real line
bundle, i.e., it satisfies Z; ® px.Z; & Ox(R). It follows from Lemma 3.1 that 7.Z; is a
rank (n + 1) trivial bundle. Define F; by F; =Z; @ Ox(—(m + 1)Py — >_;— " P;). Then
we obtain

,Cj(—PQ) for j:O,---,m—l,

]:‘, — n—m
’ Loy(—Py — Z p) for j=m.
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Note that deg(F;) =p—1for j =0,1,---,m. In general, we know that H°(X, L(—P)) =
{s € HY(X,L) | s(P) = 0}, where L(D) = L ® Ox(D) for a divisor D on X. In
fact, if we fix a meromorphic section 7 with the divisor (7) = (—P) then tensoring each
element by 7 or 77! gives an isomorphism. Now, suppose that F; has a non-trivial global
section. Then there is a global section of 7,Z; which vanishes at A = 0 because any global
holomorphic section of F; is a global holomorphic section of Z; with divisor (m + 1)P +
> P;. However, since 7,Z; is a trivial bundle, it must be identically zero. Thus, we see
that h°(X,F;) = 0. Now, the Riemann-Roch formula implies that h'(X, F;) = 0 because
deg(F;) = p—1for j = 0,1,---,m. In general, for any line bundle L and any point
P e X, h'(X,L) = 0 implies that h'(X,L(P)) = 0. Indeed, it follows from the Serre
duality theorem that 0 = h'(X, L) = h°(X, Q;O ® L™1), where Q;go is the holomorphic
cotangent bundle (=canonical bundle) of X. Again, from the Serre duality it follows that
(X, L(P)) = h%(X,0%° ® L~Y(—P)). Therefore, if there is a non-trivial element of
H'(X, L(P)) then there is a global section of Q3° ® L~! which vanishes at P. However, it
must be identically zero because h°(X, Q;’O ® L™1) = 0. For the completion of the proof,
notice that £; = F;(P) for j = 0,1,---,m — 1 and L,, = F,(Po + >_ P;). Apply the
general theory above to these line bundles once or successively. q.e.d.

Corollary 5.1. For arbitrary a € Gr, we have h*(X,L; ® L(a)) =0 for j = 0,1,---,m.

Proof. Just replace £ by £ ® L(a) in the definition of Z; in the proof of Lemma 5.1.
q.e.d.
Corollary 5.1, together with the Riemann-Roch theorem, yields that

1 for j=0,1,---,m—1,
(X, L; ® L(a)) =

n+l—m for j7=m.
Then, we obviously obtain
HY(X,L® L(a)) = @HO(X, L; ® L(a)) (direct sum).
j=0

Define a map 7! : I'(X 4, L) — C™"™! by the composition of the identification H°(X, L)
with C"*! by {7;} and the map ev;. We draw a diagram of our present situation :

[(Xa, L) <% HO(X, £) T ontt
ta

I'(X4,L® L(a)) D H(X,L® L(a)) = P H(X, £; ® L(a))

Jj=0

—11—
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Define a line subbundle /; of the trivial bundle R? x C"*! by
lj =710, (H'(X,L; ® L(a)) for j=0,1,---,m

Then we claim that R? x C"*! = @), lj, which is an orthogonal direct sum with respect
to the inner product < , > on C™*!. To show the claim, it is enough to prove the following
lemma :

Lemma 5.2. For j = 0,1,---,m, let 0; € H*(X,L; ® L(a)) with z,% fixed. Set s; =
ta(0j). Then h(s;,sy) =0 for j # k.

Proof. From Lemma 4.2 we know that h(s;, s;) is a constant. Therefore, it is enough
to show that when j # k, h(s;, s) is zero at some point of CP;. If we set f; = 0,0, then
we see that f; is a holomorphic function over X and s; = e*(0;0,1)0 = e®f;0. Since o
is a global holomorphic section of £ ® L(a) which has a divisor (m — j)Py + jQo + >_ F;

for j =0,---,m — 1 or a divisor mQ)o for j = m, it follows that f; has a divisor
(m—§)Po+jQo+» P, for j=0,1,--,m—1,
mQo for j=m

Set rjk = f -0 ® px+0f;px«fr. Then we have h(sj,s;) = Tr(rji). Recall that X; =
Xo U Xo. We denoted by Uy (resp. Uy,) a connected component of Xy (resp.X,) which
contains Py (resp. Qo). Remember that there is no branch points on Xy and X, except
Py and Q. It follows from the fact that f -0 ® px.0 is a meromorphic function with a
divisor (—R) that

C_m in UO,

[ 0®px«0=<(C" in Us,
1 elsewhere in Xj.

Therefore, ;5 has a divisor
(k_])P0+(j_k)QO+ZP1+ZQ1 for jak:()a]-a"'am_]-)
(m—§)Po+ (G —m)Qo+ Y P for k=m;j=0,1,---,m— L.

Note that 7=1(0) = {(m+1)Py, P, -+, Py} and 71 (00) = {(m+1)Q0,Q1,**, Qr_m},
where (m + 1)Py (resp. (m + 1)Qo) is a point Py (resp. Qo) with multiplicity (m + 1).
This, together with (5.2), yields that if j, &k <m

Tr(rj) = Z Tk =0 when £ > j,
7=1(0)
r(71) Z Tk =0 when j >k,

71 (o0)

(5.2)
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ifj<k=m

Tr(rjm) = Z Tim =0,

7=1(0)
proving our assertion. q.e.d.
Lemma 5.3. Let 0 : R?> — H%(X) be a smooth section for which o(z,%) is a globally
holomorphic section of F @ L(a) for some ideal sheaf F of L. Let D be the covariant

derivation on H°(X) induced by the parallel transport. Then, Dy 1020 (resp. Dy 9z0) is
a globally defined holomorphic section of F(FPy) ® L(a) (resp. F(Qo) ® L(a)).

Remark. Each L; is an ideal sheaf of L.
Proof. We can define a connection D on the bundle H°(X) by
Dzo =1, (Zia(0)),

where o is a section of the bundle H°(X) + R? and Z is an arbitrary vector field on R2.
If we set s = 1,(0) and f = 060, ! then we see that s = e?f0 : R? — I'(Xa,F) and
f:R? —T(X,F® L. Recall that a = 2(~! — z(. We obtain

ds of of

o = ¢Cleafo + 5,00 = ¢+ E)eae cT(X 4, F(Py)),
% = —Ce®fO + %eae = (—¢f+ %)eae e I'(X4,F(Qo)).
Thus, from the definition of D it follows that
Dojor = (7 + 2o, e 01, F(R) © Lia)),
Do = (~Cf + 20, € (X1, F(Qo) © Lia).

Since 0s/0z is holomorphic over X, Dy/p.0 is also holomorphic over X 4. Therefore,
Dy 5.0 is holomorphic over X = X4 U X and a globally defined holomorphic section of
F(Py) ® L(a). The case of Dy/gz0 is similar. q.e.d.

Let 09,01, -,0y, be a global section of H(X) + R? for which H*(X, £L; ® L(a)) =
Span{c;} for j = 0,1,---,m — 1 and H*(X, L,,, ® L(a)) = Span{o,---,0n}. Set s; =

to(oj) for j =0,1,---,n. Then, sg,---,s, is a free system of generators for I'(X 4, £). Let
B = C[\, A7!] be the ring generated by A\,A\"!1. Let V; and V,,, be B-modules generated,
respectively, by s; and s;,, -, s, where j =0,1,---,m — 1. We have

T(Xa,L)=>_V;

=0

which is a h-orthogonal direct sum by Lemma 5.2. We denote by II; : I'(X4, L) — Vj a
h-orthogonal projection onto V;.
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Lemma 5.4. The map s; : R? — I'(X 4, L) satisfies

0s; .

8_236‘/}@‘/}-"-1 for J=0,1,---,m—1,

8$k

Eevm@% for k=m,---,n,

and

I1; (%)7&0 for j=0,1,---,m—1
j+1 EP J=Y,1 ) ’
828m71

IIg(————— .

0( 8Z2 )%0

Proof. As before, write s; = e®f;0 with f; = 0;0, ', where 0; € H*(X, L; ® L(a)).
[Case 1: j =0,1,---,m — 2] By Lemma 5.3 we have Dy,5,0; € H(X,L;(Py) ® L(a)).
Recall that if L is non-special then so is L(P) for any point P € X. Therefore, we see that
L;(Py) ® L(a) is non-special by Corollary 5.1. Then, the Riemann-Roch formula implies
that h?(X, L;(Py) ® L(a)) = 2. Now, obviously, H*(X, L;(Py) ® L(a)) is generated by
0j,0;41 because L; = L;(Py) @ Ox(—Fy) and L1 = L;(Py) ® Ox(—Qo), which show
that £; and £, are subsheaves of £;(F,). Therefore, we obtain

% €V @ Vit1-
Moreover, since ¢, 1(09s;/0z) = (¢ f; + 0f;/02)0, and ("' f;0, = ("1o; cannot be an
element of I'( X7, £; ® L(a)), we must have II;11(9s;/0z) # 0.
[Case 2 : j = m — 1] As in Case 1, we have 9s,,_1/02 € Vi1 @ Vi, 15 (08m—1/02) €
HYX, L, 1(Py) ® L(a)) and II,,(0s,,_1/0z) # 0. In this case, although L,, is not a
subsheaf of L,,_1(Fp), it is enough to consider L,,(— > P;), which is a subsheaf of L,,.
Next, we show I1o(9%s,,_1/02%) # 0. We have

2 2
Lgl(a ;:2_1) = fm1 + 24—1‘9fg‘z‘1 L9 g;‘l)ea € H(X, Lm_1(2Py) ® L(a)).
Notice that L,,, 1(2Py) = L(Py— (m—1)Qo —>_ P;) and h%(X, L,,_1(2Py) ® L(a)) = 3 by
the Riemann-Roch formula. Hence, H*(X, L,,,_1(2Py) ® L(a)) has a section coming from
a meromorphic section of £ ® L(a) which has a pole of order 1 at Py. In fact, (“2f,,_16,
is such a section. We observe that £,,_1, L, (—>_ P;) and L(Py — (m+1)Qo — Y _ P;) are
subsheaves of £,,_1(2P). Since A" loy is a section of L(Py — (m + 1)Qo — >_ P;) (notice
that (A) = (m+1)Py— (m+1)Qp on Uy UU,), it follows that £,,_1(2F) is generated by
Om—1s0m, " 0n, A\ tog. Among them, A~'oy is the only one which has a pole of order 1
at Py, which implies that IIy(8?s,,_1/02%) # 0.
[Case 3 : k = m,---,n] Similarly, we have ¢, 1(9s,/02) € H*(X, L,,(Py) ® L(a)) and
h%(X, L (Py) ® L(a)) = n — m + 2. In this case, L, and L(Py — (m + 1)Q¢ — >_ ;)
are subsheaves of £, (P) and L,,(P) is generated by o, -+,0,, A" ag. Thus, we have
0sy/0z € Vi, @ V. q.e.d.
Now, we are in a position to prove the following theorem.
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Theorem 5.1. Let Iy, -+ ,l,(m > 2) be the subbundles of R? x C"*! constructed above.
Then lg determines a harmonic map 1y : R> — CP™ of isotropy order m.

Proof. Recall the map 7! : I'(X4, L) — C"*!. We see that 71(V;) = I;. In fact, if
we denote by {0;} an orthonormal basis of H(X, L) (which is independent of z,Z) then

we have s; = Y i v%(2, Aoy and 7'(s;) = (v)(2,1),---,v}(2,1)) € l;, where we choose I;

=0 "3
corresponding to the choice of the orthonormal basis {o;} of H*(X, L).

Therefore, the map 7! and the derivation /9z commute. Denote by m; : C"*!1 — [;

an orthogonal projection onto I;. Then, we also have that 7! o II; = m; o 71, It follows

from Lemma 5.4 that

)
&lel]@l_erl fOI' j:0,1,---,m,
0l; .
(53) < 7Tj+1(£)7£0 for J=0,1,---;m—1,
0%l,,_1
L 7T0( 822 ) 7& 07
where we use the convention that l,,.1 = lp. Thus, a map ¥ = (lg,l1, -+,l,) : R? —

F™(CP™) is a primitive map. In fact, the complexification of the tangent bundle of
F™(CP") is given by T¢(F™(CP")) = ®,.; Hom(l;,1;). On the other hand, we have
(¥*3)(9/0z) has values in @ , Hom(l;, l;+1) with ,,11 = lp by (5.3). Since we are giving
F™(CP") the (m + 1)- symmetric space structure such that (I;), is a w/- eigenspace of
the automorphism 7, of order (m + 1), where w = exp(2mv/—1/(m + 1)), we have [G;] =
@ ,Hom(l;,l;41) with l,41 = lp. Therefore, we see that ¢ is a primitive map. Now, if
m > 2 then ¢ = 701 : R? — CP™ is a harmonic map, where 7 : F™(CP") — CP" is
the homogeneous projection. q.e.d.
When m = 1, we have a map ¢ : R? — F!(CP™) = CP". Since the condition of the
primitivity of v is meaningless in this case, the above argument is not applied. In this case,
we must calculate a holomorphic section of ly and investigate the divisor of the section.
We omit the details. However, the following observation means that maps obtained in the
both cases are harmonic maps of finite type :
Let {so,*,8,} be an orthonormal basis for H°(X, £) and set s;(z) = ¢;(s;). We have
s;(0) = s;. Then {sg(z2),---,8,(2)} is an orthonormal basis for H°(X, £ ® L(a)). Define
F(z,)\), which depends only on A, z, by

(5.4) (s0(2),+,8n(2)) = (80, "+, 8n)F(2,A).
Let f(¢) be any regular algebraic function of ¢ on X 4. Define Y (2, \) by

(s0(2); -+, 8n(2))Y (2, A) = F(C)(50(2), -+ 8n(2))-

—15—
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Then we have

(s0, ,8n)F (2, )Y (2, A) = (s0(2), -+, $n(2))Y (2, N)
50(2),-++,5n(2))
< 8n)F (2, A)

S0, (
Y (0, \)F(z,\).

:(307"'5571)

Therefore, we obtain Y (z,\) = AdF(z,\)"! - Y(0,)). Differentiating this equation, we
obtain dY = [Y, F~1dF], i.e., Y(z, \) is a polynomial Killing field. Thus, the corresponding
map is a primitive harmonic map of finite type by the results of [BFPP] and [Bu] and our
harmonic map ¢ : R? — CP" is given by the first column vector of F(z,1), which is a
framing of ¢.

To obtain an explicit form of the harmonic map ¢ or the framing F'(z, 1) constructed
in the above, we may use the equation (5.4). Let {(o, (1, -+, (q} be the elements of 771(1).
We can evaluate the equation (5.4) at ¢ = (o, (1, -, (, with the same F'(z,1). Therefore,

we have

50(2) ‘Co Sn(z) ‘Co S0 |C0 o Sp |C0
(5.5) : : = : : F(z,\).
s0(2) [, snl2) lca sole, 0 snlc,

Let Sp, -+, Sy, be a local frame around 7—!(1) which has the properties S;(¢;) = 0 for
i#jand f-Si(()px«Si(¢;) = 1. If we express s; around 7~ 1(1) as

n
S; — E ’Uiij,
7=0

then we see that
dir. = h(si, sk)

= Z(f . Z’UﬂSl(Cj)Z rUkmSm(pX*Cj)
=0 1 m

n
= E Vij Uk
J

which shows that the matrix M = (M;;) with M;; = s; |¢, is non-singular. Thus we obtain
a formula F(z,1) = M~!- M(2).

Now, we give some examples

Example 5.1. Consider 7 : CPC1 — CP} defined by ¢ — XA = ¢~3. Then (7) =
3(c0) — 3(0) and R = 2(00) + 2(0), we must regard Py = {{ = oo}, Qo = {¢ = 0}. Define
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L by L =0x(2()). Then we have
Lo =L®Ox(-2P) = Ox,
L1 =L@ O0x(—F — Qo) = Ox((o0) —(0)),
Lo = L& Ox(—2Q0) = Ox(2(c0) — 2(0)),

which implies that we may set sog = 1,81 = ¢, 82 = (% and s¢(2) = €%, 51(2) = €2(, 82(2) =
e?(?, where a = 2¢ —z(!. Since 771(1) = {1, w, w?}, where w = (=1 — /=3)/2, we have

1 1 1 e? % e? % e? %
M = 1 w w2 , M(Z) — pFW—ZW erW—ZwW ezw—zww2
1 w2 w ezw2—2w2 ezw2—zw2w2 6zw2—zw2w

Therefore, we can easily obtain F(z,1) = M1 - M(z) and we see that ¢ : R? — CP? is
a harmonic map of isotropy order 2. Note that ¢ is doubly periodic. We recommend the
readers to obtain the explicit form of F'(z,1). In the same way, we may calculate F'(z,1) in
the case where 7 is given by 7(¢) = ¢~ (1), where we choose £ = Ox (n(c0)) and obtain
a harmonic map ¢ : R?> — CP" of isotropy order n (cf. [T1]), which is doubly periodic
for n = 1,2,3,5. The case of 7({) = ¢"*! is also similar, where we choose £ = Ox(n(0))
and we see that 1,(~1,---, (™™ are global sections, respectively, of Lo, L1, -+, L.

Ezample 5.2. Consider m : X — CPy defined by 7(¢) = éCS(éE:ﬁ)l) = )\ as in
Example 3.2, where we suppose that 0 < « < 1 for simplicity. Then we have (w) =
3(0)+ (a) =3(c0) = (@), R =2(0)+(p) + (p') +2(c0) and X = CP} as in Example 3.2.
In this case, Py = {¢ = 0}, P = {¢ = a},Qo = {¢ = oo} and Q; = {¢ = a~!}. Define
L = 0x(3(0)). Then f: LR px.L — Ox(R) is given by

_ —¢
T
which is non-negative on Xr. We have
Lo=L®Ox (2P - P) = (( ) — (),
L1=LROx(—Py— Qo — P1) = 0x(2(0) — (00) — (@),

L= L& O0x(-2Qo) = Ox(3(0) — 2(c0)).

Set

/1—a21 1—a§
So = —_ S .
2 30 20 7 V3a

Then we see that sg is a global section of Ly, s; a global section of £; and ss, s3 global
sections of £y. Evaluating h(s;,s;) at A = 0 (7~1(0) = {0,0,0,a}), we easily see that
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{s0," "+, 83} is orthonormal basis of H°(X, £). Let {no,n1, 72,13} be the elements of 7~1(1).
Notice that 79,7; are solutions of the equation ¢ + 1/¢ = (a + Va2 + 8)/2 and 1,73 are
solutions of the equation ¢ + 1/¢ = (o — Va2 +8)/2. We also see that {e®sg,--,e%s3}
is orthonormal basis of H%(X,L ® L(a)). Now, F(z,1) = M~!. M(z) is computable.
Obtaining the explicit form of F(z,1) is left to the readers.

Ezxample 5.3. We will give an example of which the spectral curve is an elliptic curve.
First of all, we will address some fundamental facts on elliptic functions.
[ Weierstrass zeta-function]
Let L = Z & 7Z, where 7 is a complex number with Im(7) > 0. The Wierstrass zeta-
function (,(u) is defined by

Q=+ Y At

weL\(0,0) )

which has a pole of order 1 at © = 0. Set

which uniformly converges on each compact subset and called Weierstass P—function. We
have

d 1
%P(U) = -2 Z m

The definition of the summation means that %P(u) is invariant under the translations
u— u+1and u — u + 7. Hence, %P(u) is doubly-periodic function. Therefore we may
set

Plu+1)—Pu) =1

Plu+7)—P(u) =cy
where ¢1, ¢y are some complex numbers. On the other hand, since P(u) is obviously even
function, by setting u = —1/2 or u = —7/2 in the above equations we have ¢; = ¢y = 0.

Therefore we see that the Weierstrass P—function is doubly-periodic with periods 1, 7.
Integrating P—function, we have

{ Cw(u—+1) = Cu(u)
Cw(u+7) — Cw(u)

A
B
where A, B are some complex numbers. Notice that the residue theorem yields that

1
271'\/—1 oP,
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where P, is some fundamental domain of the torus R?/L. The integration of (,(u) on P,
turns out to be A7 — B, which yields, so-called, Legendre’s relation :

AT — B =27y —1.

[Jacobi’s 1st theta function]
Let p(u) = exp(mv/—1u),q = exp(my/—17). Then the Jacobi’s 1st theta function 01(u) is
defined by

01(u) = V=T > (~1)"p(u)?"~1gm=3)".

nez

By changing n — —n + 1 in the summation we see that 6;(u) is an odd function. In
particular, we have 6;(0) = 0. Moreover, since (n — 2)> + (2n — 1) = (n + 3)? — 1, the
definition of the summation gives the following relations :

{ 91(U+ 1) = —91(’&)

(5.6)
01(u+7) = —p(u) ¢ 01 (v)

With these facts in mind, we may construct a meromorphic function on some elliptic
curve.
Let X = R?/L be a two-torus with lattice L = Z & /—1tZ, where t is some positive

real number. In this case, we have (,(u) = (,(@). Define a function ¥ (z,Z,u) on X by

(5.7 ¥(2,7,u) = exp((Cu(u — Po) — Au)z — (Cuw(u — Qo) — Au)z) x
91(’(1, — Fl) ce 91(’(1, — Fk)Ql(u — Po)mﬁl(u — Pl) s 91(11, — Pn,m)ﬁl(u -G -z +E)
91(u—El)el(u—Eg)-~~01(u—En+k+1) ’

where
( n+k+1 k
L=0x(D), D= Y E-Y F,
i=1 i=1
< n—m
i=1

\
Hence, L is a divisor line bundle of degree (n+1). It follows from (5.6) that ¢ (z,Z,u+1) =
¥(z,Z,u), (2, Z,u + V/—1t) = ¥(z,Z,u), i.e., ¥(z,Z,u) is a meromorphic function on X
with fixed z,Z. Moreover, since 1) behaves like exp(z(~! + O(()) near Py and behaves
like exp(—z¢ + O(1/()) near Qo and @ has a divisor —D on X \ {Py,Qo}, we see that
¥(z,Z,u)04 belongs to H*(X,Ox (D) ® L(a))(see [T2]).

Now, consider a function

91(u — Rl)

g(u) = exp(477\/—_1u) (m)4
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on X, where Ry = /—1/4,Ry = 3/—1/4 = px(R1) and px(P) = P mod L. It follows
from (5.6) that g(u) is a meromorphic function on X. Define a covering map 7 : X — CP*?
by m(u) = g(u)/g9(v/—1/2). Then we have

()

R

for some point R3 € X\ Xr. Therefore, we have Py = Ry, Qo = Rs. Let L = Ox(3R1+R3)

be a line bundle over X of degree 4. We see that 7=1(1) = {0,1/2,v/~1/2,1/2++/—1/2}.

It follows that each point of 7=1(1) is fixed by the real structure px. In this case, we have

Lo=0x(R3),L1 =O0x(R1+Rs—R3),L2 =0x(2R; + R3 —2R3),L3 = Ox(3R1 + R3 —

3R3). Set no = 0,m = 1/2,my = /—1/2,n13 = 1/2 + /—1/2. By choosing some constants
co, C1, Ca, C3, We may define an orthonormal basis {s;} of H°(X, L) by

4(R1) — 4(R2)
3(R1) + (R3) + (px (R3)) + 3(R2)

O1(u—mo)---01(u—1;) - 01(u—m3)
91(U — R1)391(u — Rg) ’

S; = C;

where 1j; = 3R; + R3 — (no+ -+ - ni—1 +nix1+ -+ - +n3). In fact, it follows from the positive
definiteness of h that n; # n;. Now, we set

)= T T A e )

| G G e )
B Y

#4090~ & e e e e )

where f(z,u) = exp((Cy(u—Ry)— Au)z— (Cp(u— Ro) — Au)Z). Then F(z,1) = M~1-M(z)
is computable and the first column vector of F'(z,1) gives a harmonic map of R? into CP3
with isotropy order 3(i.e., superconformal harmonic map).

We will discuss the double periodicity of our harmonic map R? — CP" of isotropy
order m and the construction of spectral data from them elsewhere.
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